Introduction
Recently there is a surge of research interest in the construction of stable vector bundles on Calabi-Yau manifolds motivated by questions from string theory. An interesting aspect of the moduli spaces of stable sheaves on Calabi-Yau manifolds is their relation to the higher dimensional gauge theory studied by Donaldson, R. Thomas and Tian et al. [D-T, Tho, Tia] . A holomorphic Casson invariant for Calabi-Yau three-fold has been defined in [D-T, Tho] . This invariant requires the full description of the moduli spaces. Comparing with the work of stable sheaves on surfaces, our knowledge about stable sheaves on Calabi-Yau manifolds is very limited. Examples of full moduli spaces are scarce. However, some of sucsessful methods for stable bundles on surfaces have been extended to CalabiYau manifolds, for instance, the work of Friedman, Morgan and Witten [FMW] on elliptic fibrations, the work of Bridgeland and Maciocia [B-M] on Fourier-Mukai transform for elliptic and K3-fibrations, and the work of Thomas [Tho] where full examples were computed by using K3-fibrations and the Serre construction, among others. The technique of chamber structures has been used quite often in the theory of stable vector bundles on surfaces. In this paper, we make use of chamber structures to construct full moduli spaces of stable sheaves with certain Chern classes on some Calabi-Yau manifolds. As an application, we will compute some holomorphic Casson invariants.
To introduce our results, we recall the definitions of stabilities. Let L be an ample line bundle on a smooth projective variety X of dimension n, and V be a rank-r torsion-free sheaf on X. We say that V is (slope) L-stable if
n−1 r for any proper subsheaf F of V , and V is Gieseker L-stable if
for any proper subsheaf F of V . Similarly, we define L-semistability and Gieseker L-semistability by replacing the above strict inequalities < by inequalities ≤. For a class c in the Chow group A * (X), let M L (c) be the moduli space of L-stable rank-2 bundles with total Chern class c, and let M L (c) be the moduli space of Gieseker L-semistable rank-2 torsion-free sheaves with total Chern class c. Now let X = P m × P n where m and n are positive integers with (m + n) ≥ 3. Our main idea is to construct stable rank-2 vector bundles on X and study their moduli spaces, by using walls and chambers. Roughly speaking, the process goes as follows. We take a rank-2 bundle close to being unstable (in the sense of the Bogomolov inequality), and move the polarization (i.e., the Kähler form) to a point where the Bogomolov inequality fails, so that the bundle must have a destablizing subsheaf. Using this, we get a presentation of the bundle which can be proved to be stable for polarizations on the other side of an appropriate wall in the ample cone (i.e., the Kähler cone).
To put it in another way, given classes c 1 ∈ A 1 (X) and c 2 ∈ A 2 (X), we can define chambers C of type (c 1 , c 2 ) on the ample cone of X. For two ample line bundles L 1 and L 2 such that c 1 (L 1 ) and c 1 (L 2 ) are in the same chamber C, the moduli spaces M L 1 (c) and M L 2 (c) are isomorphic. On the other hand, if c 1 (L 1 ) and c 1 (L 2 ) lie in different chambers, one may be able to give a description of the set of stable rank-2 bundles which are stable with respect to L 1 but unstable with respect to L 2 .
In this paper, we consider two kinds of Calabi-Yau manifolds. The first one is a generic hyperplane section Y ⊂ P 1 × P 1 × P n of type (2, 2, n + 1). Let π be the restriction to Y of the projection of P 1 × P 1 × P n to the product of the last two factors. Then, π : Y → P 1 ×P n is a double covering. Let (a, b) stand for the divisor c 1 (π * 1 O P 1 (a) ⊗ π * 2 O P n (b)) where π 1 and π 2 are the projections of P 1 × P n to its two factors. Let L Y r be the Q-line bundle O Y (π * (1, r)). For convenience, we adopt the convention that e/0 = +∞ for e > 0. We shall prove the following result. Theorem 1.1. Let n ≥ 2, 1 , 2 = 0, 1, and k = (1 + 1 )
Then the moduli space M L Y r (c) is empty when 0 < r < n(2 − 2 )/(2 + 1 ), and is isomorphic to P k when n(2 − 2 )/(2 + 1 ) < r < n(2 − 2 )/ 1 .
It follows that when n = 2 and 2(2 − 2 )/(2 + 1 ) < r < 2(2 − 2 )/ 1 , the holomorphic Casson invariant λ(Y, L Y r , c, 2) of the Calabi-Yau three-fold Y is equal to (−1) k (k + 1), where k = (1 + 1 )(4 − 2 )(3 − 2 )/2 − 1. On the other hand, when 0 < r < 2(2 − 2 )/(2 + 1 ), the holomorphic Casson invariant λ(Y, L Y r , c, 2) is zero. In particular, the holomorphic Casson invariants depend on polarizations.
The second kind of Calabi-Yau manifolds considered in this paper is a generic hyperplane section S ⊂ P 1 × P n of type (2, n + 1). We obtain results for S similar to the above results described for Y . In particular, we show that the moduli space of Gieseker semistable rank-2 torsion-free sheaves on S for certain class c ∈ H * (S) is empty with respect to some ample line bundles, and is isomorphic to a projective space with respect to other ample line bundles.
For the double cover Y of X, we pull back stable bundles on X to get L Y r -stable vector bundles on Y , as long as n(2 − 2 )/(2 + 1 ) < r < n(2 − 2 )/ 1 . A priori, these pulled-back bundles on Y form a subset of the Gieseker moduli space M L Y r (c). Our detailed analysis shows that this set of stable bundles is in fact the full moduli space on Y . Here the idea of chamber structures plays a crucial role again. For the case of the hyperplane section S ⊂ X, we restrict stable bundles on X to S. With some careful examinations, we can show that these are all the Gieseker semistable sheaves on S with the given Chern classes.
R. Thomas kindly pointed to us that the method can also be applied to CalabiYau manifolds which are hyperplane sections of a P n -bundle over P 1 . The organization of the paper is as follows. In section 2, we study wall and chamber structures of X = P m × P n . In section 3, using chamber structures and standard techniques, we construct stable vector bundles on X. In section 4, we study the pulled-back stable bundles on the double cover Y of X and prove Theorem 1.1. In section 5, we study the restriction of the stable bundles constructed in section 3 to S and prove a theorem similar to Theorem 1.1. In section 6, we compute the holomorphic Casson invariants for the Calabi-Yau three-folds. Acknowledgment: We thank R. Thomas and G. Tian for helpful discussions. The first author also thanks G. Tian, and the Mathematics departments in MIT and the University of Missouri for their hospitalities during the spring and summer of 2001 where the major part of this work was done. We are grateful to the referee for many valuable comments and suggestions.
2. Chamber structures of P m × P n Let m and n be two positive integers with (m + n) ≥ 3. Let
and π 1 and π 2 be the two projections of X. Then, we have
where H 1 and H 2 stands for hyperplanes in P m and P n respectively. Moreover, we see that the nef cone of X is the first quadrant in
Let Z be a codimension-2 cycle in X. Then, Z is of the form
Then, L r is ample if and only if r > 0, and we have the intersection number
Let V be a rank-2 torsion-free sheaf over X. Put c 1 = c 1 (V ) and c 2 = c 2 (V ). Assume that V is L r 1 -semistable but L r 2 -unstable, where r 1 , r 2 > 0. Then V has an L r 2 -destablizing rank-1 subsheaf O X (F ) ⊗ I Z 1 sitting in an exact sequence
where Z 1 and Z 2 are subschemes of codimension at least two. So
2 . In summary, we have proved the following:
In particular, we see from (2.6) and (2.3) that
So d 1 and d 2 are nonzero integers with opposite signs. Intersecting (2.7) with the numerically effective cycle (H 1 ) m−1 × (H 2 ) n−1 , we obtain
Therefore, there are only finitely many choices of such divisors (
where d 1 and d 2 are nonzero integers with opposite signs satisfying Let ξ = (d 1 , d 2 ) define a (nonempty) wall. Then, the wall W ξ is the ray in the first quadrant with slope −nd 2 /(md 1 ). For r 1 > 0 and r 2 > 0, we say that (r 1 , r 2 ) lies above (respectively, below) the wall W ξ if r 2 /r 1 > −nd 2 /(md 1 ) (respectively, r 2 /r 1 < −nd 2 /(md 1 )). A chamber C lies above (respectively, below) the wall W ξ if there exists (r 1 , r 2 ) ∈ C lying above (respectively, below) the wall W ξ .
Lemma 2.2. Fix c 1 ∈ A 1 (X) and c 2 ∈ A 2 (X).
(i) There are only finitely many walls and chambers of type (c 1 , c 2 ).
(ii) If there exists a rank-2 torsion-free sheaf V with c 1 (V ) = c 1 and c 2 (V ) = c 2 such that V is semistable with respect to L r 1 but unstable with respect to L r 2 , then c 1 (L r 1 ) and c 1 (L r 2 ) are separated by a wall of type (c 1 , c 2 ).
Proof. Follows from the paragraph preceding Definition 2.1.
The following is a partial converse of Lemma 2.2 (ii).
Lemma 2.3. Fix c 1 ∈ A 1 (X) and c 2 ∈ A 2 (X). Let C − and C + be two adjacent walls of type (c 1 , c 2 ) sharing a common wall W . Assume that W is represented by the class ξ = (2F − c 1 ), and that ξ · D
for some D − ∈ C − and D + ∈ C + . Let V be a rank-2 bundle sitting in a nonsplitting extension:
where Z is a codimension-2 locally complete intersection. Assume c 2 (V ) = c 2 . Then V is stable with respect to O X (D − ) but unstable with respect to O X (D + ).
Proof. Follows from the argument in the proof of the Theorem 1.2.3 in [Qin] .
Next, as an application of the concepts of walls and chambers for X, we study the second Chern classes of semistable rank-2 bundles on X. The results will be used in later sections. Recall that if V is a semistable rank-2 torsion-free sheaf on a smooth projective surface, then the Bogomolov inequality says that (4c 2 (V ) − c 1 (V )
2 ) ≥ 0. In general, we see from [MR1, MR2] that if V is an L-semistable rank-2 torsion-free sheaf on a smooth projective variety Y , then
Lemma 2.4. Let n ≥ 2, and V be a rank-2 bundle on X = P m × P n with
Assume that V is L r 1 -semistable for some ample line bundle L r 1 .
Since c < 0, letting r → 0 + , we see from (2.9) that there exists r 0 > 0 such that the bundle V is L r 0 -unstable. So V is semistable with respect to some ample line bundle but unstable with respect to some other ample line bundle. Now there is ξ = (d 1 , d 2 ) such that ξ defines a wall of type (c 1 (V ), c 2 (V )) and
Intersecting (2.10) with ( 
n−1 ) = b < 0, we see from (2.8) and Definition 2.1 (i) that there exists no wall of type (c 1 (V ), c 2 (V )). So V is semistable with respect to every ample line bundle. By (2.9), for every r > 0,
which is equivalent to m(m − 1)r 2 a + mnrb + n(n − 1)c ≥ 0. Letting r → 0 + , we obtain c ≥ 0. In fact, c = 0 since b < 0. So c > 0. Similarly, letting r → +∞, we see that m ≥ 2 and a > 0. Consider the quadratic polynomial f (r) = m(m − 1)a r 2 + mnb r + n(n − 1)c defined over R. We check that its minimal value is equal to
Remark 2.5. Let n ≥ 2 and c = 1 + c 1 + c 2 where c 1 ∈ A 1 (X) and c 2 ∈ A 2 (X). The proof of Lemma 2.4 (i) shows that if the coefficient of [ 3. Stable rank-2 bundles on P m × P n 3.1. The general setup and a theorem of Serre. Let m + n ≥ 3. As applications of Lemma 2.3, we are interested in constructing stable rank-2 bundles V on X = P m × P n sitting in extensions of the form:
where Z is a codimension-2 locally complete intersection, and
Recall that we have the local-to-global exact sequence
. Also, since Z is a codimension-2 locally complete intersection, we see from page 37 in [Fri] that
where N Z is the normal bundle of Z in X. So (3.2) can be simplified to
By a theorem of Serre (see the Theorem 8 in Chapter 2 of [Fri] ), the sheaf V in (3.1) corresponding to an extension class e ∈ Ext
In the following, we shall present two constructions.
The case when Z is empty.
First of all, we consider the easy case when Z is empty. We may assume that m ≤ n. So n ≥ 2 since m + n ≥ 3. Now, by the Künneth formula, we have
(ii) these bundles V are L r -stable, where (1, r) ∈ C and C is the chamber of type
So the set of all these rank-2 bundles V (up to isomorphisms) are parametrized by P k . Since ξ defines a wall of type (c 1 , c 2 (V )), we see from Lemma 2.3 that these bundles V are L r -stable whenever (1, r) ∈ C.
Next, tensoring the exact sequence (3.4) by V * ∼ = V ⊗ O X (−c 1 ) and taking cohomology, we obtain the long exact sequence
) ∼ = C, the exact sequence (3.5) can be simplified to:
Tensoring (3.4) by O X (F − c 1 ) and taking cohomology groups, we see that
and we have an injection 0 → Ext
Remark 3.2. Let notations be as in Lemma 3.1. Assume further that either n ≥ 3, or n = 2 and d 2 < 3. Then,
2 )/4, c = 1 + c 1 + c 2 , and
is isomorphic to P k and consists of all the rank-2 bundles V sitting in nonsplitting extensions:
Proof. First of all, we claim that every bundle V ∈ M Lr (c) sits in a nonsplitting exact sequence of the form (3.7). Indeed, we have
where p denotes a point in P 1 and H denotes a hyperplane in P n . So the coefficient
) is negative. We see from the proof of Lemma 2.4 (i) that V is L r 0 -unstable when the positive number r 0 is sufficiently small. We may further assume that r 0 < r. Thus, V sits in a nonsplitting exact sequence:
where Z is a codimension-2 locally complete intersection in X = P 1 × P n , and η = 2G − c 1 defines a wall of type (c 1 , c 2 ) such that
Then we see from (2.3) and (3.9) that
Since r 0 < r, we getd
Since the boundary of C contains W ξ and W η strictly separates (1, r) ∈ C and (1, r 0 ) where r 0 is sufficiently small, the slope of W ξ is at least equal to that of W η . Hence we conclude from Definition 2.1 (i) that and (3.8) becomes (3.4) .
Note that the preceding paragraph also shows that the moduli space M Lr 0 (c) is empty whenever (1, r 0 ) lies on or below the wall W ξ . In view of Lemma 3.1, there is a bijective morphism Φ : P k → M Lr (c). In particular, the dimension of M Lr (c) is k. By Lemma 3.1 (i), the Zariski tangent space Ext 1 (V, V ) of M Lr (c) at every point V has dimension k. Thus, M Lr (c) is smooth. By Zariski's Main Theorem, Φ must be an isomorphism.
Next, we look at an example of ξ for c 1 = ( 1 , 2 ) where 1 , 2 = 0, 1. For convenience, we take the convention that e/0 = +∞ when e > 0.
(3.10)
Moreover, Ext 2 (V, V ) = 0 when n ≥ 3, or n = 2 and d = 1. (ii) The moduli space M Lr (c) is isomorphic to P k and consists of all the rank-2 bundles V sitting in the nonsplitting extensions (3.10) when
Proof. Put ξ = (−2 − 1 , 2d − 2 ). Then ξ satisfies the conditions in Lemma 3.1 and Theorem 3.3. Now (i) follows from Lemma 3.1 (i) and Remark 3.2. Note that W ξ is a wall of type (c 1 , c 2 ), and has slope n(2d − 2 )/(2 + 1 ). So (iii) follows from Theorem 3.3 (ii). Moreover, letting C be the chamber in Theorem 3.3 (i), we see that (ii) follows from Theorem 3.3 (i) if we can prove that (3.11) is equivalent to (1, r) ∈ C. In the following, we prove this only for c 1 = (0, 0), (1, 0) since the case (0, 1) is similar to the case (0, 0) and the case (1, 1) is similar to the case (1, 0).
Let c 1 = (0, 0) = 0. We claim that there is no wall lying between W ξ and the positive side of the [P 1 × H]-axis in H 2 (X; R), i.e., the region between W ξ and the positive side of the [P 1 × H]-axis is the chamber C, as illustrated below: = (1, 0) . Then, (−1, 2d) defines a wall of type (c 1 , c 2 ) with slope 2nd. So it suffices to show that if Wξ is the wall of type (c 1 , c 2 ) lying immediately above W ξ , thenξ = (−1, 2d). This is illustrated below: In view of 12d ≥ −2d 1d2 , we obtain 2d ≤d 2 ≤ 6d. Since Wξ is the wall lying immediately above W ξ , we haved 2 = 2d andξ = (−1, 2d).
A construction when Z is nonempty.
This subsection is independent of the remaining sections. Here we consider a situation when the codimension-2 cycle Z in (3.1) is nonempty. Let m = 1 (so X = P 1 × P n and n ≥ 2). Let s be a positive integer, p 1 , . . . , p s be distinct points in P 1 , and Y 1 , . . . , Y s be degree-d smooth hypersurfaces in P n . For each i, p i × Y i is the complete intersection of p i × P n and P 1 × Y i , and the normal bundle of
Proposition 3.5. Fix a divisor c 1 on P 1 × P n and a positive integer s.
(ii) these bundles V are L r -stable, where (1, r) ∈ C and C is the chamber of type (c 1 , c 2 (V )) such that (1, r) n · ξ < 0 and the closure C contains W ξ .
Proof. Let F = (c 1 + ξ)/2, d = (−d 2 ), and Z be chosen as at the beginning of this subsection. Then, 2F − c 1 = ξ. Note that H 1 (X, O X (ξ)) = 0. Also, H 2 (X, O X (ξ)) = 0 since either n ≥ 3, or n = 2 and d 2 > −3. By (3.12),
By (3.3) and Serre's theorem, there exist rank-2 bundles V sitting in (3.1):
Since ξ defines a wall of type (c 1 , c 2 (V )), we conclude from Lemma 2.3 that these bundles V are L r -stable. Note that Hom(O X (F ), V ) ∼ = C. Therefore, the number of moduli of these stable rank-2 bundles is equal to:
It is clear that c 1 (V ) = c 1 and (
Tensoring the exact sequence (3.13) by V * ∼ = V ⊗ O X (−c 1 ) and taking cohomology, we obtain the long exact sequence:
So the above long exact sequence can be simplified to:
¿From the exact sequence 0
In summary, we have
So we see from the previous paragraph that
Combining with (3.17), we conclude
To compute H i (X, V ⊗ O X (−F ) ⊗ I Z ) for i = 1 and 2, consider:
Therefore, the exact sequence (3.20) can be rewritten as
Taking cohomology from (3.21) and using (3.18) and (3.19), we obtain H 2 (X, V ⊗ O X (−F ) ⊗ I Z ) = 0 and
Now our results for Ext 1 (V, V ) and Ext 2 (V, V ) follow from (3.14) and (3.15).
Fix a divisor c 1 on X = P 1 × P n with n ≥ 2. Then there exists ξ = (d 1 , d 2 ) such that ξ ≡ c 1 (mod 2), d 1 > 0 and −3 < d 2 < 0. By letting s → +∞ in Proposition 3.5, we see that there exist stable rank-2 bundles V on 
Stable rank-2 bundles on Calabi-Yau manifolds via double covering
Let n ≥ 2. Take a generic divisor Y of type (2, 2, n + 1) in Z = P 1 × P 1 × P n . Then, Y is a smooth Calabi-Yau (n+1)-fold. By the Lefschetz hyperplane theorem, Pic(Y ) ∼ = Pic(P 1 × P 1 × P n ). Let π i be the projection from P 1 × P 1 × P n to the i-th factor. Then the projection π = (π 2 × π 3 )| Y is a double covering from Y to X = P 1 × P n . For simplicity, we use O Y (a, b, c) to represent the restriction of
n is a ramified double covering with the ramification locus B ⊂ X being a smooth divisor of type (4, 2n + 2). In particular,
Proof. By the projection formula and (4.1), we obtain
since H 1 (X, O X (a − 2, b − n − 1)) = 0 when n ≥ 2 and b < (n + 1).
Now we study stable rank-2 torsion-free sheaves on Y with c 1 = (0, 1 , 2 )| Y .
Lemma 4.2. Let n ≥ 2. Let 1 , 2 = 0, 1, and r < n(2
Then, r > n(2 − 2 )/(2 + 1 ) and E sits in a nonsplitting extension
, where Z 1 and Z 2 are codimension at least two subschemes of Y . Therefore, c 1 (O Y (a, b, c) 
since c 2 (I Z 1 ) and c 2 (I Z 2 ) are effective cycles. Regarding (4.7) as an inequality of cycles in Z and comparing the coefficients of
Since 0 < r 0 < r, we see from (4.5) and (4.6) that (2c − 2 ) + (n + 1)a > 0 and (2a + 2b − 1 ) < 0. By (4.9), (2c − 2 ) + 2(n + 1)a and (2c − 2 ) have the same sign, and so must be both positive. In particular, c ≥ 1. By (4.8),
In the following, we consider the cases 1 = 0 and 1 = 1 separately.
Assume 1 = 0. By (4.10), (n + 1)a(2b) ≥ 0. Together with (2a + 2b) < 0, this implies either a < 0 and b ≤ 0, or a = 0 and b < 0. If a < 0 and b ≤ 0, then we see from (4.8) that
. So a = −1 and c = 1, contradicting to (2c − 2 ) + (n + 1)a ≥ 1 and n ≥ 2. If a = 0 and b < 0, then b(2c − 2 ) ≥ −(2 − 2 ) by (4.8). Since b(2c− 2 ) ≤ −(2c− 2 ) ≤ −(2− 2 ), we must have b = −1 and c = 1. By (4.2) and (4.4), we obtain c (O Z 1 (0, −1, 1) )c(O Z 2 (0, 1, 2 − 1)) = 1. Thus Z 1 and Z 2 are empty, and (4.4) becomes (4.3). Note from (4.6) that r > n(2 − 2 )/2.
Next, assume 1 = 1. By (4.10), (n + 1)a(2b − 1) ≥ −(2a + 2b − 1)(2c − 2 ) − 3(2 − 2 ) ≥ 1 − 6 = −5. So a(2b − 1) ≥ −1 since n ≥ 2. If a(2b − 1) = −1, then we see from 2a + (2b − 1) < 0 that a = −1 and b = 1. By (4.10) again, (2c − 2 ) ≤ 3(2 − 2 ) − (n + 1) ≤ 5 − n contradicting to (2c − 2 ) + 2(n + 1)a ≥ 1 and n ≥ 2. Therefore, we must have a(2b − 1) ≥ 0. Since 2a + (2b − 1) < 0, we conclude that either a < 0 and (2b − 1) ≤ 0, or a = 0 and (2b − 1) < 0. As in the previous paragraph, we see that a = 0, b = 0 or −1. If b = 0, then we obtain from (4.6) that r > n(2c − 2 ) ≥ n(2 − 2 ) contradicting to our assumption that r < n(2 − 2 ). Therefore, b = −1. As in the previous paragraph again, we verify that c = 1, Z 1 and Z 2 are empty, (4.4) becomes (4.3), and r > n(2 − 2 )/3. Remark 4.3. Let n ≥ 2, 1 , 2 = 0, 1, and c be given by (4.2).
The same proof above also shows that E sits in a nonsplitting extension (4.3). In particular, by Lemma 4.5 below, E is L Lemma 4.4. Let notations be the same as in Lemma 4.2. Then, (i) E ∼ = π * V for a unique bundle V sitting in a nonsplitting extension
Proof. (i) Note that E sits in a nonsplitting extension (4.3). By Lemma 4.1,
Thus E ∼ = π * V for a unique bundle V sitting in a nonsplitting extension (4.11).
Tensoring (4.11) by O X (− 1 − 3, − 2 − n) and taking cohomology, we get
Similarly, H 1 X, V ⊗ O X (−1, −n − 2) = 0, and H 2 X, V ⊗ O X (−1, −n − 2) = 0 when n > 2. We see from tensoring (4.11) by V ⊗ O X (− 1 − 2, − 2 − n − 1) that
So our formula follows from (4.12) and Lemma 3.1 (i) with ξ = (−2− 1 , 2− 2 ).
Lemma 4.5. Let n ≥ 2, 1 , 2 = 0, 1, and n(2 − 2 )/(2 + 1 ) < r < n(2 − 2 )/ 1 . Then, every bundle E sitting in the nonsplitting extension 
, we obtain
(4.17)
We claim that a + b ≤ 1 . Assume a + b = ( 1 + 1). If c = 2 − 1, then a ≤ 0 and b ≤ ( 1 + 1) by (4.16) and (4.17). So a = 0 and b = ( 1 + 1). Thus (4.3) splits, a contradiction. Therefore c ≤ 2 − 2. Since a + b = ( 1 + 1), we see from (4.8) that
So a and (2b− 1 ) have the same sign. By a+b = ( 1 +1) again, 1 = a = b = 1. Since (2c − 2 ) < 0, we get (2c − 2 ) + 2(n + 1)a ≤ −1 from (4.9). So (2c − 2 ) ≤ −2n − 3. By (4.8), −3(2 − 2 ) ≤ 3(2c − 2 ) + (n + 1) ≤ −5n − 8 which is absurd.
Therefore a+b ≤ 1 . Since (n+1)a+(2c− 2 ) ≤ 2 −2 by (4.16) and r < n(2− 2 ) when 1 = 1, we conclude that c 1 (O Y (a, b, c) 
Theorem 4.6. Let n ≥ 2, 1 , 2 = 0, 1, and k = (1 + 1 ) n + 2 − 2 n − 1. Let Y be a generic smooth Calabi-Yau hyperplane section in P 1 × P 1 × P n , and Remark 4.7. Our proofs and results in this section might work for more general branched double covers of P 1 × P n as well.
Stable rank-2 bundles on Calabi-Yau manifolds via restrictions
Let n ≥ 2, and X = P 1 × P n . Let S be a generic hyperplane section in X of type (2, n + 1). Then, S is a smooth Calabi-Yau n-fold with Pic(S) ∼ = Pic(X). We
Lemma 5.1. Let V be a bundle sitting in the nonsplitting exact sequence
Then, the restriction V | S is stable with respect to L S r when r satisfies
Proof. Restricting (5.1) to S yields the exact sequence
Let O S (a, b) be a sub-line bundle of V | S with torsion-free quotient. Then, we have 
Note that if O S (a, b) admits a nonzero map to O S (−1, 1), then we have
by the first inequality in (5.2). In the following, we assume that O S (a, b) admits a nonzero map to 
First of all, suppose b = 2 − 1. Then, a ≤ 1 + 1 by (5.6). Consider
Since (5.1) is nonsplitting, H 0 (X, V ⊗ O X (− 1 − 1, − 2 + 1)) = 0. Therefore we see from (5.7) and (4.13) that h 0 (S, V ⊗ O S (− 1 − 1, − 2 + 1)) = 0. Thus, a = 1 + 1, and so a ≤ 1 . If a ≤ 0, then we obtain from b = 2 − 1 ≤ 0 that
. Now our formula follows from Lemma 3.1 (i).
Let n = 2. Then S is a smooth K3 surface in X = P 1 × P 2 of type (2, 3). Let r satisfy (5.2), and M S be the moduli space of L S r -stable rank-2 torsion-free sheaves E on S with c 2 (E) = (−1, 1)| S · ( 1 + 1, 2 − 1)| S = (3 1 − 2 + 4) and c 1 (E) = ( 1 , 2 )| S . By Lemma 5.1, M S is nonempty. Also,
2 − 3χ(O S ) = 10 + 12 1 − 6 2 − 6 1 2 .
If 1 = 1 or 2 = 1, then ( 1 , 2 )| S is indivisible by 2. By [Muk] , M S is a smooth symplectic manifold of complex dimension (10 + 12 1 − 6 2 − 6 1 2 ). To state our next result, let's recall a theorem due to Tyurin. Let X be a Fano threefold, S ∈ |−K X | be a smooth K3 surface, and M X and M S be the components of the moduli spaces of stable vector bundles with fixed Chern classes c 1 on X and c 1 | S on S respectively such that if V ∈ M X , then V | S ∈ M S . Let res S : M X → M S be the restriction map. Applying Tyurin's result to our case, we obtain the following proposition.
Proposition 5.4. Let n = 2, 1 = 1 or 2 = 1, k = (5 + 6 1 − 3 2 − 3 1 2 ), and 2(2 − 2 )/(2 + 1 ) < r < 2(2 − 2 )/ 1 . Then the (2k)-dimensional smooth moduli space M S contains a Lagrangian submanifold isomorphic to P k .
Proof. Note that r satisfies (5.2). Let M X be the moduli space of L r -stable rank-2 bundles on X with Chern classes ( 1 , 2 ) and (−1, 1) · ( 1 + 1, 2 − 1). Apply Corollary 3.4 to n = 2 and d = 1. We see that the moduli space M X is isomorphic to P k , and that Ext 2 (V, V ) = 0 for every bundle V ∈ M X . Now our conclusion follows from Theorem 5.3 and Lemma 5.1.
In the following, we assume n ≥ 3. We shall prove results for Calabi-Yau hyperplane sections S ⊂ P 1 × P n parallel to Lemma 4.2 and Theorem 4.6 for Calabi-Yau hyperplane sections Y ⊂ P 1 × P 1 × P n . Let notations be the same as in Lemma 5.1. Then we see from the proof of Lemma 5.2 (ii) that the Zariski tangent space at E = V | S is isomorphic to the Zariski tangent space at V . This indicates that we might be able to recover the entire moduli space containing E from the entire moduli space containing V , and explains the reason behind our results below.
Lemma 5.5. Let n ≥ 3, 1 , 2 = 0, 1, and r < (n 2 − 1)(2 − 2 )/[ 1 (n + 2 2 − 3)]. Let E be an L Then, r > (n 2 − 1)(2 − 2 )/[2(n − 1) + (n + 1) 1 + 2 2 ], and the rank-2 sheaf E sits in a nonsplitting extension of the form (5.10).
Proof. Note that c 2 (E) = ((2 + 1 − 2 )[p × H] − (1 − 2 )[P 1 × H 2 ])| S and c 1 (E) = ( 1 , 2 )| S . So (4c 2 (E) − c 1 (E)
2 ) · c 1 (L S r 0 ) n−2 is equal to (2 − 2 )r n−3 0
[2((n + 1)(2 + 1 ) − (2 − 2 ))r 0 − (n − 2)(n + 1)(2 − 2 )].
Thus, E is L S r 0 -unstable if 0 < r 0 < (n−2)(n+1)(2− 2 )/[2((n+1)(2+ 1 )−(2− 2 ))]. Fix such an r 0 with r 0 < r. Since E is L Therefore, we conclude from a straightforward computation that (2a − 1 ) = (n + 1)(2a − 1 ) + (2b − 2 ) (n + 1) − (2b − 2 ) (n + 1) > −(2 + 1 ) − 1.
Combining with (2a − 1 ) < 0, we obtain either a = −1, or a = 0 and 1 = 1. Assume a = −1. By (5.16), (2b−2)[(n+1)(−2− 1 )+(2b+2−2 2 )] ≥ 0. If b > 1, then (2b− 2 ) ≥ (n+1)(2+ 1 )−(2− 2 ). So [(n + 1)(2 + 1 ) − (2 − 2 )](2 − 2 ) > (n + 1)(2 + 1 ) − (2 − 2 ), which is impossible. Thus b = 1. Now (5.11) becomes (5.10), and r > (n 2 − 1)(2 − 2 )/[2(n − 1) + (n + 1) 1 + 2 2 ] by (5.13). Finally, assume a = 0 and 1 = 1. Then, we see from (5.13) and b ≥ 1 that 0 > (n 2 − 1)(2b − 2 ) + [2(2b − 2 ) − (n + 1)]r ≥ (n 2 − 1)(2 − 2 ) − (n + 2 2 − 3)r contradicting to r < (n 2 − 1)(2 − 2 )/(n + 2 2 − 3) when 1 = 1.
(i) If 4(2 − 2 )/(2 + 2 1 + 2 ) < r < 4(2 − 2 )/( 1 2 ), then λ(S, L S r , c, 2) = −(1 + 1 ) 5 − 2 3 .
(ii) λ(S, L S r , c, 2) = 0 when 0 < r < 4(2 − 2 )/(2 + 2 1 + 2 ). Proof. We apply the results in Section 5 to n = 3. By Remark 5.6, all the sheaves in M L S r (c) are L S r -stable. So our conclusions follow from Theorem 5.7.
